If demand for human services is inelastic or manufactured goods are necessities, labour shifts from manufacturing to services and the budget share of services rises. Higher productivity growth in the market sector pushes up the tax rate and public employment if private goods and public services are poor substitutes, labour supply is inelastic and there are few dependants. Otherwise, private affluence and public squalor result. More dependants boost public employment if the market provides poor substitutes, but public services per dependent may fall due to tax base erosion. Extensions to market and public employment being imperfect substitutes, varying utility of money and public sector productivity depends on pay.
Introduction
The sustainability of the welfare state is top of the political agenda in many countries. This may be due to growing pressures of increasing globalisation, inflation in the price of public services, greying of the population, slowing down of labour productivity growth, rising unemployment and welfare state dependency, and disincentive effects and moral hazard inherent in tax and benefit systems (e.g., Lindbeck, 2006) . Here we explore the implications of a greying population on the tax burden and provision of public services, but focus primarily on the inflation in the relative price of public services caused by productivity growth in care of the elderly, child care, education and other human services falling short of productivity growth in the market sector (Baumol, 1967; Baumol, Blackman and Wolff, 1985) . Nurses and teachers cannot be replaced by machines. Consequently, there is less scope for productivity growth than in the market sector and relative prices of such human services increase steadily over time. Recent empirical evidence for US data for the period suggests that stagnant industries indeed show higher growth in relative prices (Nordhaus, 2006) . 1 In fact, the higher growth in relative prices is almost exactly equal to the productivity growth differential. Although these findings are based on value added rather than output data and fraught with measurement problems especially in sectors like health, education and personal services where output measures are really measures of input, they support Baumol's main hypothesis. Also, sectors with one percentage-point lower productivity growth are associated with three-quarters percentage-point lower growth in real output. The reason is that higher relative prices implied by the cost disease depress demand for those sectors. Interestingly, wages and profits are mainly determined by the aggregate economy rather than productivity experiences of individual sectors. Because the output composition has shifted away from sectors with rapid productivity growth like manufacturing to those with stagnant technologies like government, education and construction, Nordhaus concludes that aggregative productivity growth in the US has slowed down by more than one-half percentage-point over the last half century.
We provide more insight into Baumol's cost disease and investigate the implications of stagnant human services being financed out of the public purse. We examine under which conditions the budget share of the stagnant sectors increases over time. With Cobb-Douglas preferences the budget share of human services and other stagnant sectors are constant.
However, this budget share steadily increases over time if human services and other economic products and services are poor substitutes. Also, if human services are luxuries, Wagner's law kicks in and the budget share of human services increases over time. Human services such as care for children and the elderly release time for work and leisure, so their time cost falls less than their relative price. Hence, the national income share of human services and labour supply increase over time. It makes sense to reserve the term Baumol's cost 'disease' when the budget share of human services increases over time. The term 'disease' is used but no normative implications are intended. In fact, as people grow wealthier due to technological advances, they are well able to afford the ever more expensive human services.
One way to avoid the cost disease is to allow the gap between public pay and market pay to steadily increase over time or to let the quality of human services deteriorate. Of course,
it then becomes increasingly difficult to recruit, retain and motivate people to work in public services. Clearly, this is not feasible in the long run. Although nurses and teachers are dedicated professionals and may work for a relatively low wage, they will not accept an everincreasing wage gap. There is also no empirical evidence for a growing gap (Nordhaus, 2006) .
To make sure that demand and provision of these crucial public services do not fall, it is often argued that government subsidy is required. This is not really convincing, since the persistent productivity increases in the market sector give rise to steady increases in purchasing power. If people value human services, they will use their new riches to pay for it.
Since these services typically have income elasticities greater than unity, the provision of these services may flourish as technical progress makes people wealthier. If demand for public services is inelastic, suppliers of these services can raise prices and revenues sufficiently to compensate for rising costs. Furthermore, Baumol's cost disease may induce offsetting trends.
The rise in the relative price causes a shift towards less labour-intensive public services such as robots for the care of the elderly or the use of video and Internet in teaching. Technology may thus induce new economies of scale and substitution in consumption. In addition, both increased use of the Internet and lower transport costs induce a shift from small-scale to large-scale providers of public services. Still, the bulk of human services are in nursing, childcare and education. In those sectors the scope for productivity improvements is limited unless one sacrifices quality. There is then a danger that free and equal access of public services is contested as high-income people increasingly opt out of public services and make use of private supplements. It also threatens the quality of public services if the best teachers and medical specialists are drawn into the private sector. This is reinforced if mixing pupils of different abilities and backgrounds is important for the overall quality of education.
the market economy during 1990-2000 (Kuhry and van der Torre, 2002) . The annual growth rate of the total of these public services was 1.6 percentage points higher than in the market economy.
Although politicians often believe that higher growth eases financial problems of the welfare state, growth may threaten viability of tax-financed public services (Anderson, 2006) .
Public services inherently have fewer possibilities for productivity growth and thus their cost will inexorably rise (Baumol's law) . In addition, the tax base erodes as people develop a taste for working less (holidays, early retirement, shorter working hours). There are also limits to the acceptability of raising tax rates to finance the growing demand for ever more expensive public services as distortions increase more than proportional with hikes in the tax rate. Also, growth pushes up the budget share of public services as people demand more and better public services (Wagner's law 2 ). The key question is thus whether growth driven by technical progress and bigger demand really threatens the provision of tax-financed public services.
Our first objective is to analyse this 'growth puzzle' within a public finance framework and to examine whether rapid technical progress in the market sector really threatens viability of the welfare state. Is it possible to avoid public squalor and private affluence? Does growth lead to a decline in tax-financed public services? What happens to the tax rate and the cost of public funds as the relative price of public services inexorably rises over time?
Our second objective is to analyse the consequences of a growing demand for public services by a rising number of dependents and less people available for work on the sustainability of the welfare state. The provision of public services per dependant can have a rival nature (pensions or child allowances) or a partially non-rival nature (parks or care). In our setup dependants can be children, the sick or the elderly. Groezen, Meijdam and Verbon (2005) investigate more specifically the effects of an ageing population in a two-sector, two-period economy with endogenous growth in manufacturing and zero growth in human services. They make some strong assumptions: old people only consume services, young people consume only manufactured products, people either die when young or make it into retirement, and capital fully depreciates in one period. They show that ageing unambiguously reduces long-run growth
in a small open economy, but this only occurs in a closed economy if the elasticity of substitution between labour and capital in manufacturing exceeds unity. Their result hinges on Cobb-Douglas preferences and a constant allocation across sectors despite a growing wage rate.
The main novelty of our paper is that we highlight the reasons why labour may shift from manufacturing to services. To remain close to the framework of Baumol (1967) , we abstract from saving and investment. In contrast to Groezen, Meijdam and Verbon (2005) , we allow for elastic labour supply, an elasticity of substitution between commodities and services that is 2 In regressions explaining the log of the budget share of public spending one finds a significant positive coefficient on the log of national income (e.g., Ram, 1987) . Even when carefully allowing for different from unity, and non-homothetic preferences. Our focus is thus on the impact of differential productivity growth and a growing number of dependants on the dynamic allocation of labour to manufacturing and services, the tax rate and the marginal cost of public funds.
Section 2 shows that more rapid technological progress in manufacturing pushes up the budget share of public services rises if manufactured goods are necessities or human services are luxury goods, manufactured goods and human services are poor substitutes, and human services release time for work or leisure. Sections 3 and 4 investigate the impact of rapid technical progress in the market economy and a growing number of dependants on provision of tax-financed public services and the cost of public funds paying attention to the adverse effects of taxes on labour supply and congestion in public services. Section 3 abstracts from income effects in labour supply while section 4 allows for a variable wage elasticity of labour supply and the negative impact of a higher dependency ratio on labour supply. Section 5 allows for immaterial joy of working in public services, imperfect substitution between public and private employment and the effect of public sector pay on public sector productivity. Section 6 concludes and offers some suggestions for further research.
Baumol's cost disease: human services and manufacturing
We first consider a market economy with two sectors: human services and manufacturing.
Human services include health care (not cure), education, etc. and cannot easily be standardised.
Services S has a relatively low growth rate in labour productivity ρ S and the market sector M has a higher and persistent growth rate in labour productivity ρ M >ρ S . Following Baumol (1976) we refer to services as the stagnant sector and manufacturing as the progressive sector: 
, where L denotes employment, t
indicates time and A S0 and A M0 are constants. We abstract from other factors of production.
3
With labour mobility between services and manufacturing, wages in services must equal those in manufacturing. Hence, wages in services grow at the same rate as in manufacturing, so that possibly non-stationary variables and correlated or heteroscedastic residuals and using cointegration and exogeneity tests, one finds evidence for Wagner's law on USA data for 1929 (Islam, 2001 . 3 However, if there is also capital and the interest rate is determined on world capital markets, the capital intensities and thus the constants A M0 and A S0 are also pinned down by the world interest rate. A companion paper explores Baumol's cost disease in a general equilibrium setting (van der Ploeg, 2006) .
where K is a constant. Unit labour costs in services rise at the labour productivity growth differential of manufacturing over services, but are constant in manufacturing:
(1) The hours work needed to buy a unit of manufacturing output falls at a higher rate, namely ρ M .
As a result, the real consumption wage grows at the rate αρ M +(1−α)ρ S , where 0<α<1 indicates the budget share of manufacturing, even though the CPI grows at the rate (1−α)(ρ M −ρ S ) > 0. In the public debate the steady growth in the price of human services is often confused with a steady growth in the real cost of human services, but the real cost of human services is at worst constant and more likely will fall at a modest rate each year. the numéraire with P M = 1 and P S = P, the optimal budget shares of services (which equals the fraction of labour employed in human services) and manufactured goods are:
Wagner's law
Due to more rapid technical progress in manufacturing than in services, the budget share of services gradually rises over time as the demand for necessities is fulfilled.
L S /L M rises over time, labour moves from manufacturing to services.
Enjoying human services takes time
Human services take up time. Enjoying Wagner's Ring requires many hours in the opera.
Investing in education also requires hours of studying. Suppose thus that it takes γ units of time to consume human services and assume that labour supply is endogenous. Take Maximising utility subject to the budget constraint Y M + PY S = WL yields the budget share of human services, relative budget (and employment) share and labour supply:
, and ,
where P+γW is the 'time price' of human services. If productivity growth in services is positive but less than in manufacturing, the cost of human services rises less fast than wages. The budget share of human services in wage income thus falls. Labour supply falls as more time is needed to consume human services. In equilibrium total labour supply matches total labour demand, so employment in manufacturing and human services are:
where we used that the growth rate in W/P equals ρ S . We thus conclude that employment in manufacturing employment is unaffected by relatively rapid technical progress in manufacturing, whereas employment in human services gradually declines over time if γ > 0.
Of course, other human services may free up time for leisure and work such as professional childcare or care of elderly parents. In that case, γ < 0 and the results are reversed.
In other words, with the passage of time, the national income share of care for children and pensioners increases and that of manufactured goods declines. The 'time cost' of these human services is relatively less strong than the relative price of human services. As a result, labour supply expands in order to satisfy the extra demand for labour in human services.
Services and manufacturing are poor substitutes
We also for an elasticity of substitution between services and manufacturing less than unity, since manufactured goods are poor substitutes for care or education. A CES utility function with an elasticity of substitution less than unity generates a budget share of public services that rises over time. For example, the homothetic utility function U(Y M ,Y S ) yields the first-order optimality
, where θ>0 is the elasticity of substitution between manufactured goods and services. Together with
and the budget constraint, where 0<φ≡Y
, we obtain:
If manufactured goods and services are poor substitutes (θ<1) and manufacturing has relatively high productivity growth (ρ M >ρ S ), the budget share of manufactured goods declines and that of services rises over time. Again, workers gradually move from manufacturing towards services.
Endogenous growth in manufacturing
It may be realistic to have endogenous growth in manufacturing (Romer, 1990) and zero growth in services (cf., Groezen, Meijdam and Verbon, 2005) . One could allow for learning by doing and knowledge spill-over effects and postulate that growth in manufacturing increases with the number employed in manufacturing, e.g.,
with Φ′≥0, where ρ M * is autonomous productivity growth in manufacturing. We then see that autonomous productivity growth is offset by less learning by doing as the manufacturing sector diminishes and labour shifts to services. With Wagner's law in operation, services taking up time or services and manufacturing being poor substitutes, we thus see that over time some of labour thus moves back from services to manufacturing. Still, steady-state employment in manufacturing is lower than before the shock to autonomous productivity growth in manufacturing. There are good reasons to believe that the budget share and employment share of human services gradually increase over time. People become sufficiently rich due to technological advances to be able to afford rising relative prices of human services that and welfare benefits from more rapid technical progress in manufacturing. Furthermore, the stagnant sectors may not be that stagnant after all and there may be a shift towards less labour-intensive human services which are due to the Internet and falling labour costs supplied on a much larger scale. Indeed, Cowen (1996) in response to Baumol (1996) and Triplett and Bosworth (2003) argue that Baumol's cost disease has been 'cured'. Still, the term 'disease' is used by lobbies in care, education and the arts to obtain more government subsidies. They rightly argue that these public services suffer from ever-increasing costs, but this does not imply that they should be compensated for these rising costs by the government. If the government has access to nondistorting taxes, there is no problem succumbing to these lobbies as rapid technical progress in the market sectors is making the country wealthier. However, this rationale is less clear if the extra subsidies are financed by distorting taxes. The term 'disease' could then refer to the adverse incentive effects on labour supply and saving of a growing demand for taxation. This way of looking at Baumol's cost disease is of utmost policy relevance. The key question is whether Baumol's cost disease inevitably leads to public squalor and private affluence. In the next sections we thus modify our discussion of Baumol's cost disease and assume that services are the responsibility of the government and financed by taxes on labour income.
Summing up

Public finance aspects of Baumol's cost disease
We investigate the implications of Baumol's cost disease for labour supply and the tax burden within the context of a two-sector model of the economy. Sector M is the market and sector P the public sector. We abstract from saving and investment. We thus address sustainability of social spending and the welfare state in the light of (i) stagnant public services and rapid technological advances in manufacturing, and, (ii) a rise in the dependency ratio arising from, say, greying of the population or a rise in the number of sick people.
To simplify and set the scene for the next section, we abstract from income effects in labour supply and assume that market and public employment are perfect substitutes for households. We focus on provision of public services and abstract from a public pension system for dependants; households take care of their own pensions. The main effect of greying is thus on the rise in demand for public services especially if they are rival goods.
Households therefore maximise utility
(including dependants), market employment, public employment, the market wage and the public wage, respectively. This gives labour supply
the constant Frisch wage elasticity of labour supply. Labour mobility ensures that public pay matches that in the market, i.e., W M = W P = A M where A M stands for productivity of market employment. The provision of public services per dependant is S≡A P L P /D ν , where A P is public sector productivity and D denotes the number of dependants. If public services are rival goods, more public employment is needed to take care of a larger group of dependants and thus ν=1.
If public services are non-rival goods, ν=0. In general, ν indicates the degree of rivalry of public services. The optimal tax rate T and provision of public services per dependant S follow from the following optimisation problem for the government:
where the first term stands for indirect private utility and the second term V(S), V′>0, V″<0
captures the value of public services in social welfare Ω. The marginal value of the provision of public services should equal its cost times the marginal cost of public funds η:
with 1, and . 1 1
If public services are non-rival the cost is simply the price P, but if public services are rival the cost corresponds to the price times the number of dependants, i.e., PD. Congestion effects in public services (ν>0) imply that more dependants requires more public employment to maintain the same quality of public services and thus pushes up the cost of public services.
The cost of public funds is large if the wage elasticity of labour supply ε and the tax rate on labour are large. If labour supply is inelastic, taxes are not distorting, the cost of public funds is fixed at unity and thus (7) reduces to the Samuelson rule V′(S) = PD ν . In general, the cost of public funds simply increases with the tax rate (provided ε>0 and η>1):
where a hat indicates a relative change (e.g.,
With the aid of (8), we loglinearise (7) and obtain the change in the demand for public services:
The provision of public services per dependent S thus decreases if the cost of funds, the relative price of public services or the number of dependants increases. Public employment also decreases if the cost of funds or the productivity in the market sector rises. Furthermore, provided the output effect dominates the substitution effect (i.e., ψ<1), greying of the population or a fall in public sector productivity boosts public employment.
We use the labour supply curve to loglinearise the government budget L P = T L:
A higher tax rate leads to more revenues and permits more public spending. Part of the extra revenues is choked off by the disincentive effect on labour supply, especially if the wage elasticity of labour supply ε and thus the cost of public funds η are large. Furthermore, a higher productivity in the market sector boosts the wage and labour supply, expands the tax base and thus allows for more spending on public services (if ε>0).
We solve for the optimal tax rate and provision of public services from (9) and (10):
(1 ) 1 and 1
We now interpret the solution (11)- (12).
Providing a better quality of public services and, assuming that public services are to some extent rival public goods (ν>0), greying of the population (i.e., lower A P or higher D) induce, if the output effect dominates the substitution effect (i.e., ψ<1), an expansion of public employment. To balance the budget, this necessitates a higher tax rate. After-tax wages in both the public sector and market economy fall and thus labour supply falls, which drives up the cost of public funds. These effects are particularly strong if ψ is small, the wage elasticity of labour supply ε is small, and the initial tax rate is not too high already. In contrast, greying of the population and a better quality (i.e., lower productivity) of public services reduces the provision of public services per dependant, S, despite the increase in public employment.
Rapid technical progress in the market sector (i.e., higher A M ) unambiguously drives up wages and broadens the tax base. This permits cuts in the tax rate and the cost of public funds. In fact, due to the falling tax rate, after-tax wages rise faster than the rate of technical progress in the market economy. Consequently, labour supply and the tax base rise even more, especially if the wage elasticity of labour ε is large, thus permitting a substantial fall in the tax rate or a boost to the level of public employment. Rapid technical progress also means that it is attractive to substitute from public to private utility and thus public employment will fall, especially if ψ is large. Some of this fall in public employment will be off-set by the increase in labour supply and tax revenues, especially if the pre-existing tax rate and wage elasticity of labour supply (i.e., T and ε) are large. Rapid productivity growth in the market cuts public employment only if εT [η/(1−T)] 2 < 1 holds. Consensus estimates of ε for males and females are, respectively, 0.1 and 0.5 (Evers, et. al., 2005) . If the wage elasticity of labour and the tax rate are as high as 0.5 and 0.4, respectively, the left hand side equals 1.25 and thus the inequality is violated. Hence, public employment only falls as productivity growth in the market economy takes off if the wage elasticity of labour supply and the tax rate are not too large. However, if the wage elasticity of labour supply and the tax rate are large, it is a real possibility that rapid productivity growth in the market economy boosts public employment.
The elasticity of labour supply on the extensive margin is rather larger than that on the intensive margin, which makes it even harder to rule out a boost to public employment (e.g., Blundell and MaCurdy, 1999; Evers, et. al., 2005) . The main impact of greying is on demand for public services. However, an unsatisfactory feature of the above analysis is that labour supply does not fall as a consequence of a rising number of dependants. To remedy this, we could have utility increasing in leisure rather than falling in hours worked. If we use the utility function
where the time constraint is L+D=1−V and V indicates leisure, we obtain the labour supply schedule
We still obtain the optimality condition (7), but the cost of public funds now increases as the ratio of dependants to workers (i.e., D/L) increases:
Not surprisingly, a growing dependency ratio makes it harder to raise public funds and thus the cost of public funds rises and demand for public services falls. To save space, we do not analyse this extension.
Sustainable social spending with variable elasticity of labour supply
We do extend the analysis of section 3 to allow for: (i) a varying marginal utility of consumption and both income and substitution effects in labour supply, and (ii) the effect of more dependants on the time available to potentially active households. This implies a variable elasticity of labour supply, so labour supply is more elastic if people enjoy a lot of leisure and inelastic if people have hardly any spare time left. It also implies that an increasing dependency ratio has an adverse effect on labour supply.
Labour supply and demand for market goods
The (13)
and δ denotes the dependency ratio (i.e., number of inactive people divided by number of active people in population). The uncompensated wage elasticity of labour supply ε is positive if the substitution effect exceeds the income effect, that is if the elasticity of substitution between consumption and leisure σ exceeds one. Labour supply becomes inelastic as the number of hours households work approaches the maximum, so a very high wage is needed to encourage them to work a bit more. Labour supply is most elastic if households work few hours. Labour supply, leisure and private consumption fall as the number of dependants rises.
Private part of utility is lower when there are more dependants and a higher after-tax wage:
Trend increase in the relative cost of public services
Output in the market sector is produced by private employment L M with a linear technology and an exogenous productivity growth rate of ρ M >0 and is sold for consumption to households:
M0 where A exp( ).
Clearly, with this technology the market wage is given by W=A M and grows at the rate of exogenous productivity growth in the market sector. Output of public services G results from public employment and productivity growth at the rate 0<ρ P <ρ M :
P0
where A exp( ) and
and P indicates the relative price of public services. Since public employment and private employment are perfect substitutes in private utility, workers in both sectors are paid the same wage. It follows that the price of public services must rise at a rate equal to the excess of the rate of productivity growth in the private over that in the public sector:
The delivery of social services offers less scope for productivity improvements. With a stagnant public sector and fast-growing market sector, prices of public services must inexorably rise, (Baumol, 1967; Baumol, Blackman and Wolff, 1985) .
The key question is whether this leads to an ever-increasing tax base and a continuous fall in demand for public services or not. To answer these questions, we turn to the government.
. M P / ρ ρ 0 P P = − >
Demand for public services
The government values the provision of public services per dependant and maximises:
(18) (U( , ), ) where / , 0 1.
If public services are a rival good, ν=1. If they are a non-rival good, ν=0. With greying of the population and ν>0, the government needs to supply more public services to prevent social welfare from falling. The government faces the constraint that public services must be
It follows that the government solves:
, Max (U*( (1 ) ), / ) subject to L*((1 ) ),
, ,
where L*(.) is the labour supply schedule and U*(.) the indirect private utility function defined by (13) and (14), respectively. The optimal provision of public services follows from:
It says that the marginal rate of substitution between public services and private consumption must equal the relative cost of public services corrected for the dependency ratio, i.e., PD ν , times the marginal cost of public fundsη. If public services suffer from congestion and are to some degree rival goods (e.g., nursing care, teaching), ν>0 and a higher dependency ratio raises the effective cost of providing human services. The cost of public funds is again high if the wage elasticity of labour supply is large and the tax rate is large. Substituting the household budget constraint into the optimality condition (20) and loglinearising gives:
where θ is the elasticity of substitution between U and S in social welfare Ω. Using (17) and substituting from (14) into (21) gives the demand for employment in public services:
) . 1
The final term on the right-hand side of (22) indicates that a growing number of dependants curbs labour supply and thus reduces public employment. The middle term states that demand for public services is less if the marginal cost of public funds is high, especially if substitution between public services and private utility is easy. The middle term also indicates that demand for public employment falls if the tax rate is high, since this implies a low after-tax wage (i.e., the opportunity cost of leisure) and a low level of private utility. Hence, it is optimal to substitute away from public services towards private utility. The first-term on the right-hand side of (22) indicates that, if the private part of utility and public services are poor substitutes (i.e., θ<1), technical progress in the market sector, productivity slowdown in public services and a lower tax rate boost the demand for employment in public services. To the extent that public services are rival goods, an increasing dependency ratio also boosts demand for public employment. Conversely, the first term indicates that a higher price of public services driven by faster productivity growth in the market sector than in public services, a lower tax rate, lower productivity of public services and an increasing dependency ratio depresses public employment if the substitution effect dominates the income effect in social welfare (i.e., if θ>1).
The net effect of an increasing dependency ratio is to boost public employment if substitution possibilities between private utility and public services are small, public services are a rival good and the dependency ratio is not too high (i.e., if (1−θ)ν>δ). Otherwise, an increasing dependency ratio reduces public employment. The net effect on the provision of public services per dependant is negative even if public employment rises.
The cost of public funds and the government budget constraint
Although public services and private utility are likely to be poor substitutes, briefly consider the special case of a Cobb-Douglas social welfare function Ω=αlog(U)+(1−α)log(S) with θ=1.
The demand for public employment is then unaffected by relative prices and productivities:
Demand for public services simply declines with the cost of public funds, the tax rate and the dependency ratio. However, even in this special case, the productivity in the market sector affects the demand for public employment through the cost of public funds. To see this, we loglinearise the cost of public funds defined in (13) whereby we recognise that the elasticity of labour supply ε=(σ−1)V/(1−D) is variable:
The cost of public funds exceeds one, especially if the tax rate is high and the elasticity of labour supply is large. If labour supply is inelastic (σ=1) or becomes inelastic as people work so much that they run out of time, the cost of public funds drops to one. The two terms in the square brackets associated with ε result from the endogenous nature of labour supply. They imply that a higher after-tax wage, induced by a cut in the tax rate or an increase in the productivity in the market sector, boosts labour supply and the tax base (if ε>1), and consequently lowers the cost of public funds. Note that the cost of funds does not depend on the dependency ratio δ. The government budget constraint must now take account of the adverse effect of greying on labour supply (see equation (13)) and is thus given by:
Equilibrium
The demand curve (22), the cost curve (23) and the budget constraint (10′) can be solved simultaneously for the level of public services, the cost of public funds and the tax rate. To see this, we solve (22) and (10′) for the demand for public revenue:
(24)
Substituting (23) into (24) and solving finally gives the optimal tax rate:
Substitution of (25) into (23) and (10′) gives the changes in the cost of public funds and public employment. It helps to illustrate this solution diagrammatically. The demand curve (24) and the upward-sloping cost curve (23) are drawn in the right panel of Figure 1 . The demand curve shows that the tax rate demanded for the finance of public services declines with the cost of public funds. The cost curve slopes upwards, since the marginal cost of public funds increases as the tax rate increases. The government budget constraint is given in the left panel of Figure 1 . It indicates that a high tax rate allows more public employment.
Increasing dependency ratio (rise in D) implies that less people work, so the tax base shrinks, the tax rate must rise and the government budget constraint (10′) shifts back and the demand curve for public services shifts up. A higher dependency ratio does not affect the cost of funds schedule (23). The main effect of a higher dependency ratio is thus upward pressure on the tax rate and the cost of funds and a declining level of employment in public services.
However, there is also a secondary effect of a higher dependency ratio. If public services are partly rival goods (ν>0) and poor substitutes for private goods (θ<1), a higher dependency ratio implies a further boost to the higher tax rate to finance a higher level of public services for a given cost of funds so that the demand curve (24) shifts out. Effectively, society demands more public services as it is difficult to substitute for material welfare. A higher dependency ratio thus shifts the equilibrium from E to E′ and induces both a higher tax rate and a higher cost of public funds. This boosts employment in public services, but some or all of this may be offset by the shrinking of the tax base due to greying of the population.
However, in the less likely case that public services are very good substitutes for private goods, the dependency ratio is small and rivalry in the provision of public services is substantial (θ>1+δ/ν), a higher dependency ratio shifts down the demand curve and moves the equilibrium from E to E″. The result is a lower tax rate, a smaller cost of funds and unambiguously less employment in public services. 
Cost of public funds
Key: Increasing dependency ratio shifts equilibrium from E to E′ if θ<1 and to E″ if θ>1.
Better quality of public services yields the same effects in the right-hand panel, but shifts the equilibrium in the left-hand panel to A′ if θ<1 and to A″ if θ>1.
Better quality in provision of public services goes together with more teachers in the class room and more nurses on the ward and thus with a fall in productivity in public services (A P lower). The cost curve (16) and the government budget constraint (17) are unaffected.
However, if private goods and public services are poor substitutes (θ<1), the demand for public services increases and thus the demand curve shifts out and the equilibrium moves from E to A′. Clearly, both the tax rate and the cost of public funds increase to make possible more employment in public services. If private goods and public services are very good substitutes (θ>1), the equilibrium moves from E to A″. The private component of utility increases and thus public employment falls. Consequently, the demand curve shifts back and both the tax rate and the cost of public funds fall.
Technical progress in the market sector boosts wages in the market sector and in public services. Figure 2 traces out the consequences for the tax rate, cost of funds and public sector employment. The tax base expands and thus, for a given tax rate, the government can afford more public services. The budget curve (17) thus shifts out. The cost of public funds must fall, since the higher wage boosts labour, reduces leisure and thus lowers the elasticity of labour supply. Consequently, the cost curve (16) Technical progress in the market sector thus shifts the equilibrium outcome from E to E′, so that the tax rate rises and demand for public employment expands. The cost of public funds increases (decreases) if the positive effect on the increases demand for public services on the cost of funds outweighs (is less than) the negative effect on leisure and the cost of funds.
However, if labour supply becomes very elastic, the number of active to inactive people falls and private goods and public services become better substitutes, rapid productivity improvements in the market economy will shift back the demand curve. In that case, the equilibrium may shift from E to E″. Since the demand effect and the cost effect now reinforce each other, the net result is an unambiguous drop in the cost of funds. The tax rate rises if the cost effect outweighs the demand effect. In that case, public employment expands. However, if the demand effect outweighs the cost effect, the tax rate falls and this tends to offset or even reverse the expansion of public services. There is a striking difference with Proposition 2, because a higher dependency ratio now diminishes labour supply. Comparing equations (11) and (25), we see that a higher dependency ratio now erodes the tax base and thus has an additional upward effect on the tax rate (indicated by the term D δ in the numerator) and the cost of funds. The negative effect of more dependants on labour supply and public employment is now thus partially offset by an increase in the tax rate and the resulting increase in the demand for public employment. If substitution possibilities between public services and private welfare are small (ψ<1 or θ<1),
equation (12) indicates that a higher dependency ratio always increases public employment provided that there are congestion effects in public services (i.e., ν>0). Now Proposition 3
indicates that with adverse effects of greying on labour supply, the demand for public employment may well fall (especially if δ is large).
Proposition 3 also entails an important difference with Proposition 2 for the effect of more rapid technical progress in the market economy. The main reason is that the ensuing growth in wages leads to less growth in labour supply as the wage elasticity of labour supply diminishes. As a result, the tax rate needs to rise more than in section 3. This is indicated by the third term in the square bracket in the numerator of expression (25) for the tax rate, since there is no equivalent of this term in expression (11).
Some illustrative calculations
To better understand the order of magnitudes involved, assume that the wage elasticity of labour supply equals 0.2, the share of leisure taken by workers is 0.4, the elasticity of substitution between provision of public services and private utility is 0. Equations (13) and (14) give the corresponding effects on labour supply and private utility: ˆ( 28.5 16.2)% 12.3% and (110.7 61.1)% 49.7%.
We thus see that the combination of a higher dependency ratio and Baumol's cost disease (resulting from stagnant public services) more than doubles the tax rate. Labour supply increases due to the ongoing increase in the wage, even though it is offset to some extent by the hike in the tax rate. More dependants leads to shrinking of labour supply and thus to a smaller tax base and lower level of private utility, but the net effect on labour supply is positive. The net effect on private utility is also positive. Demand for public employment increases by 142% both due to the greater wealth arising from ongoing technical progress in the market economy and from the growing number of dependants. The provision of public services per dependent grows much less, since a growing number of dependants makes it less easy to afford public services.
If there are more substitution possibilities between public services and market goods (e.g., θ=0.4), the increases in the tax rate and public employment due to a bigger dependency ratio 
We now see that congestion of public services arising from a population with more dependants almost completely wipes out the increase in demand for public services arising from the higher wealth ensuing from ongoing technical progress in the market economy.
Since market goods substitute for provision of public services, we see that the increase in labour supply and private utility are bigger than before.
These illustrative calculations suggest that both a higher dependency ratio and
Baumol's cost disease boost the tax burden, but neither lead to public squalor nor threaten the welfare state. If public services manage to show some productivity growth the rise in the tax burden will be less severe while public employment need not rise as much. For example, if public services manage a productivity growth of one per cent per year, we have
As a result, the tax rate will be 13.31 percentage-points if θ=0.1 and 7.89
percentage-points lower if θ=0.4. The growth of employment in public services will then be only 113.32% and 73.64%, respectively. ˆ4 8.89%.
P A =
If substitution between market goods and public services is easy enough, it is possible that the tax rate falls. For example, if θ=1, productivity improvements in the public sector do not affect the tax rate or public employment. However, the combined effects of Baumol's cost disease and a greying population lead to a fall in the tax rate of -0.2 percentage points. Public employment increases then by 9.8% while the provision of public services falls by 73.6%.
'If you pay peanuts, you get monkeys'
Public sector employees may accept lower pay than in the market if they value the good they do for others in society. Allow for this immaterial value by adding the term φL P to private utility. Public pay is now lower than market pay due to the immaterial utility from working in the public sector,
Adding a gap between public and market pay reduces the cost of public employment, so the government needs to levy less taxes and can afford more public employment. As technical progress in the market economy advances, this effect vanishes. Since the joy from working in the public sector is untaxed, a higher tax rate resulting from greying of the population drives a bigger wedge between public and market sector pay and makes it easier to afford public employment.
More interesting is to allow private and public employment to be imperfect substitutes for households. Households can work in the market sector at wage W M =A M or work in public services at wage W P . Extending the analysis of section 3 in this way and allowing for non-constant marginal utility of money, households maximise the utility function:
1 1 log( ) , where 0,
This yields the supply of labour to public services and to the market sector and the level of private consumption:
,
where private sector employment is paid its marginal productivity. Mobility of labour between the public and private sector is thus not perfect. We see that higher public sector pay, higher market sector pay and a lower tax rate boosts private consumption. Since the elasticity of substitution for private consumption is exactly unity, income and substitution effects cancel out exactly and thus the after-tax wage does not affect labour supply to the public sector and to the market. We thus focus on substitution from private to public jobs, which occurs if pay in the public sector rises relative to that in the market economy. Substitution of labour supplies into the government budget constraint
Hence, a higher tax rate makes it possible to afford a higher level of public employment and a higher ratio of public sector pay to the market wage. By making use of (22) and (23), we obtain an expression for indirect utility of households and for social welfare:
[ ] 1 log(1 ) 1 log( ) . 1
Maximising (24) with respect to the tax rate we obtain:
Since income and substitution effects in labour supply cancel out, the cost of funds is unity.
The only thing that changes is that marginal utility of public services is converted from utility units to resource units by dividing V′(S) by the marginal utility of private consumption (i.e., 1/C). We see from the demand curve (25) and the cost curve (23) that, provided substitution possibilities between public services and market goods are small (ψ<1), a higher dependency ratio or slower productivity growth in public services (perhaps to raise quality of public services) pushes up the tax rate and the level of public employment. To make people move from private sector jobs to public sector jobs, the ratio of public sector pay to market wages must rise. Interestingly, ongoing rapid technical progress in the market economy does not affect the tax rate or the level of public employment. Neither does it affect public sector pay as a fraction of the market wage. Both public sector pay and the market wage increase at the same pace as productivity growth in the market economy. Prices of public services steadily increase at the excess of productivity growth in the market economy over that in the public sector. Of course, if we replace log(C) by
in the household utility function, we find that after-tax wages have a positive impact on labour supplies if the substitution effect dominates the income effect (i.e., if ϕ>1. In that case, more rapid technical progress in the market economy boosts labour supply and thus expands the tax base. This makes possible gradual cuts in the tax rate and bigger provision of public services.
Another extension allows the government to encourage public employees to provide better public services. Efficiency-wage arguments suggest that higher public pay relative to market pay makes it easier to recruit, retain and motivate public employees (Summers, 1988; Layard, Nickell and Jackman, 1991) . It avoids the trap of 'if you pay peanuts, you get monkeys'. The government chooses public pay and public employment to ensure a decent quality of public services and takes account of the higher tax rate that is needed to do this. If public sector pay lags behind market pay, this cuts the public sector wage bill. However, this undermines public sector morale and productivity. Public sector productivity and pay are low if labour supply is relatively inelastic and the tax rate on labour is low. In the limit as the tax rate goes to zero, the government cannot afford to pay any public sector wages whatsoever. A low wage elasticity of labour supply implies that the government can pay its employees less without risking them withdrawing their labour too much. More rapid ongoing technical progress in the market economy than in public services expands labour supply to the market more than that to the public sector, since the latter is more inelastic. Consequently, the government can afford to gradually push down the tax rate and increase the relative size of the market economy at the expense of the size of the public sector. The government reacts by trailing public sector pay behind productivity and pay in the market sector and as a result public sector morale and public sector productivity gradually fall. Since the tax rate falls with time, after-tax market wages rise by more than productivity growth in the market economy and thus labour supply to the market rises over time by more than it would otherwise.
Concluding remarks
If human services are provided by the market, more rapid technical progress in manufacturing than in services drives up their cost. Many worry that this strains budgets of families, municipalities and central governments. The inevitable rise in the cost of human services above the rate of inflation implies that supply of these services will fall both in quantity and quality. However, the increased wealth of the nation permits a growing demand for human services. Each year less hours of work are needed to purchase human services. Education, care and other human services become steadily cheaper, even though they appear more unaffordable. In fact, if human services are luxury goods and poor substitutes for manufactured goods or if commercial human services substitute for household services within the household and thus release time for work and leisure, the budget share of human services and employment in human services will inexorably rise over time. Even so, in a market economy where households voluntarily decide on consumption of human services and other goods, they happily spend a steadily increasing share of their budget on human services.
Problems may arise, however, if services such as education and health care are publicly provided and paid for by taxation. The big worry then is whether one can avoid public squalor and private affluence. We must thus allow for the adverse incentive effects on labour supply. More rapid technical progress in the market economy drives up the relative cost of public services (Baumol's law) . Also, growing incomes may boost demand for public services if they are luxury goods (Wagner's law). A higher dependency ratio also increases the demand for public services, especially if they are rival public goods. Each of these three factors drives up the required tax revenue needed to finance public services. At the same time, as people become richer, they may choose to enjoy more leisure and work less. This together with the growing number of dependants narrows the tax base and necessitates a higher tax rate to finance the same provision of public services. These two factors also reduce the viability of the welfare state. There are at least three offsetting factors. First, the higher cost of public services reduces demand for public sector jobs. Second, growing incomes reduce the preference for work and thus increase the elasticity of labour supply. This raises the cost of public funds and thus depresses demand for public sector jobs as well. Third, technical progress fuels growth in wages and thus boosts the tax base. This brings in extra tax revenues.
The key question is thus whether these offsetting factors are strong enough to contain the aforementioned threats to sustainability of the welfare state. We have demonstrated that, if the wage elasticity of labour supply and the initial tax rate are not too high, private goods and public services are poor substitutes and the number of dependants is not too large, relatively rapid progress in the market economy drives up the tax rate and thus permits more employment in public services. As the market provides better substitutes for public services and greying boosts the number of dependants, technical progress can eventually reduce provision of public services. We also showed that a better quality of provision of public services and, if public services are rival goods, greying of the population induce more demand for public sector employment financed by a higher tax rate. Still, the provision of public services per dependent will fall as a result of a greying population.
If working in public services yields immaterial utility, public sector employees are paid below market pay. More dependants drive up the tax rate and thus increase the wedge between pay in the public and market sector. This makes public employment more affordable.
If public sector and market jobs are imperfect substitutes, a higher dependency ratio and a lower productivity growth of public services lead to a gradual increase in the tax rate, the ratio of public sector pay to the market wage and the level of public employment. If the substitution effects dominate income effects in labour supply, ongoing rapid technical progress in the market economy set of a process in the other direction. The increase in the tax base allows a gradual reduction in the tax rate and increase in the provision of public services despite the gradual increase in the relative price of public services. If the government realises that paying public sector workers below the market wage reduces productivity, the extent to which public sector employees are underpaid is greater as the tax rate is lower and the labour supply is less elastic. Relatively rapid technical progress in the market economy then induces a downward trend in the tax rate and a gradual expansion of the market economy and decline of public services. Public sector pay trails more and more behind market pay.
There at least four interesting avenues for further research. First, one can allow for household production of human services as growing incomes make it less attractive to provide household services oneself. Second, one can allow for public services and market services and allow for income inequality. Higher income groups may value choice and quality, so opt out of public services and demand market services such as private schools or private health clinics. An interesting question is whether the shift from public to market services induced by rapid technological progress undermines solidarity, access or quality of services. Third, one can allow for the effects of Baumol's cost disease on saving and investment. Finally, some public services such as curative health care display rapid technical progress (e.g., Jones, 2002) . If these services are financed by the public purse, there will be a strong demand for new possibilities for life extension to be covered by health insurance. Obviously, this drives up the tax burden and the cost of public funds, and stimulates calls for privatisation of curative care.
